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We consider a thin, ferrofluidic film flowing down an inclined substrate, under the
action of a magnetic field, bounded above by an inviscid gas. Its dynamics are governed
by a coupled system of the steady Maxwell’s, the Navier-Stokes, and the continuity
equations. The magnetization of the film is a function of the magnetic field and may
be prescribed by a Langevin function. We make use of a long-wave reduction in
order to solve for the dynamics of the pressure and velocity fields inside the film.
In addition, we investigate the problem in the limit of a large magnetic permeability.
Imposition of appropriate interfacial conditions allows for the construction of an
evolution equation for the interfacial shape via use of the kinematic condition. The
resultant one-dimensional equations are solved numerically using spectral methods.
The magnetic effects give rise to a non-local contribution. We conduct a parametric
study of both the linear and nonlinear stabilities of the system in order to evaluate
the effects of the magnetic field. Through a linear stability analysis, we verify that
the Maxwell’s pressure generated from a normally applied magnetic field is destabi-
lizing and can be used to control the size and shape of lobes and collars on the free
surface. We also find that in the case of a falling drop, the magnetic field causes an
increase in the velocity and capillary ridge of the drop. C 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4930010]
I. INTRODUCTION
A ferrofluid is a colloidal based magnetic fluid that is made by mixing nano sized magnetic
particles, such as magnetite, and a surfactant into a viscous liquid. The surfactant prevents agglom-
eration and the small size allows Brownian motion to disperse the nanoparticles. The dynamics
of the fluids are similar to magnetohydrodynamics except that body forces are due to polarization
forces generated from the presence of a magnetized material in a magnetic field and electric currents
do not usually flow in the fluid.1 An interesting attribute of these fluids is that they have the ability
to be controlled by suitably applying a magnetic field.2,3 Ferrofluids have also found applications in
rotary shaft seals,1 bio-medical applications,4,5 pharmaceutical,6 and self assembly.7
In many applications, an interface is present and an understanding of the dynamics of the free
surface is of interest. The linear stability problem was studied by Cowley and Rosensweig8 and is
known as the Normal Field Instability (NFI). In the NFI, a layer of magnetic fluid, with the external
magnetic field oriented perpendicular to the surface, transitions to an array of hexagonal crest-like
structures when the magnetic induction exceeds a critical value. The NFI has also been investigated
experimentally and numerically by Gollwitzer et al.9 who found good agreement for static surface
topology for the ferrohydrodynamic model of Cowley and Rosensweig8 with a Langevin function
for the relationship between magnetisation and magnetic field. The linear stability problem has
also been studied by Zelazo and Melcher10 who found that tangentially applied magnetic fields are
stabilising, whereas normally applied magnetic fields are destabilising. The effect of viscosity and
parametrically driven waves was investigated by Müller11 who showed that these effects can lead to
the delay of the NFI.
In the context of thin films, Joo12 derived a nonlinear evolution equation for a ferrofluid film,
using long-wave theory, for weak magnetic effects. The draining of a ferrofluid film was investi-
gated experimentally by Moulton and Pelesko,13 who showed good agreement with a model they
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developed using lubrication theory. More recently, the interfacial instability of a thin ferrofluid film
with a linear relationship for the magnetization was studied by Seric et al.14 In this paper, the
authors included van der Waals forces in their model and found that for sufficiently large magnetic
fields, satellite drops form and isolated drops become conical in shape. The dynamics of thin films
can be modelled using the long-wave approximation, which results in the derivation of a single
evolution equation for the position of the interface (see Oron, Davis and Bankoff,15 and Craster and
Matar16). Magnetic effects enter through the addition of a Maxwell’s stress that exists in the bulk of
the fluid and at the interface. For ferrofluids with a linear relationship between magnetization and
magnetic field, the dynamics are similar to electrified films.10 There are many papers on the dy-
namics of electrified films17–21 that can be used to understand ferrofluid dynamics; however, the
two problems diverge for cases where the magnetic field is sufficiently large to warrant a non-linear
relationship between magnetization and magnetic field.
In this paper, we investigate the effect of a magnetic field on a thin ferrofluid film with a
non-linear magnetic susceptibility. We use the long-wave analysis and reduce the governing equa-
tions in the limit of a highly conductive fluid to a set of equations for the non-linear surface height
and magnetic field in the film. The assumption of a large magnetic permeability allows us to derive
an equation for the horizontal magnetic field that depends on the surface structure of the film as
well as the magnetization. As far as the authors know this equation has not been derived in the
literature for ferrofluid films and represents a new relationship. The resultant reduced equations
are solved numerically for a horizontal film with a perturbation to the surface height and for a
drop falling down an inclined plane. We perform a parametric study and find that the Maxwell’s
pressure destabilizes the film, resulting in the formation of a series of lobes and collars that can be
controlled, for size and number, by varying the strength and spatial structure of the outer magnetic
field. In the case of a falling drop, we find that the speed and size of the capillary ridge can be
increased by increasing the strength of the magnetic field. This study demonstrates the potential
of using ferrofluids and magnetic fields to control the shape of a films free surface and may guide
experiments designed to exploit this effect.
The rest of the paper is organized as follows. In Section II, we formulate the model for a
thin ferrofluid film on an inclined plane, exposed to an outer magnetic field, and reduce the more
general set of equations in the long-wave limit. In Section III, we investigate the linear solution
and the numerical solution to the non-linear problem. Finally, in Section IV, we provide concluding
remarks.
II. FORMULATION
We consider a ferrofluid film on a plane inclined at an angle θ to the horizontal, as shown in
Figure 1. We use a rectangular coordinate system (x, z) to model the film dynamics in which the
wall is located at z = −zw. The interface which separates the ferrofluid film from the surrounding
inviscid gas is at z = S(x, t) and is endowed with a surface tension γ assumed to be constant. Far
away from the film, a magnetic field is applied with a direction that is perpendicular to the inclined
plane. The substrate beneath the film is assumed to be non-magnetic with a magnetic permeability
equal to the surrounding air, which is a good assumption for many solid materials. In this case, the
magnetic field is equal across the air-substrate interface and the presence of the substrate, with some
non-zero thickness, can be ignored in the model for the magnetic field.
A. Governing equations
For a non-conducting ferrofluid surrounded by a gas with no charges, the magnetic field Hi and
induction Bi (i = 1 for the film, 2 for gas in z > S and 3 for z < −zw) are governed by the steady
Maxwell’s equations,
∇ · Bi = 0, ∇ ×Hi = 0. (1)
The induction is related to the magnetic field and magnetization Mi by
Bi = µ0(Hi +Mi), (2)
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FIG. 1. Schematic diagram showing a thin ferrofluid film flowing down a plane inclined with an angle θ to the horizontal.
The three regions labeled in the diagram correspond to viscous ferrofluid (1) and inviscid gas (2) and (3). Far from the
ferrofluid, a magnetic field, H∞=H0+H1(x), is applied with some variation in the x-direction and oriented perpendicular to
the substrate.
where µ0 is the magnetic permeability in a vacuum, and M2 =M3 = 0 in the gas. The magnetization
of a ferrofluid is in general a non-linear function of the magnetic field that can be determined
experimentally. Many ferrofluids can be represented by a Langevin function1,22 expressed as
M1 = Ms
(
coth(ξH1) − 1
ξH1
)
H1
H1
, (3)
where ξ = 3χ0/Ms, χ0 is the initial susceptibility, Ms is the saturation magnetization, and H , M ,
and B denote the magnitude of H, M, and B, respectively. Some ferrofluids however deviate from a
Langevin fit due to the magnetic particle size distribution23 and a modified form may be obtained by
integrating the Langevin function over the size distribution of magnetic particles.24 In this paper, we
use the expression in Equation (3) for the magnetization since it compares well with many experi-
ments and has a nice analytic expression. Also, in defining Equation (3), we have assumed a state of
quasi-equilibrium so that M is parallel to H. Equation (2) can also be expressed as B = µMH, where
µM = µ0(1 + χ) is the magnetic permeability and χ =M/H is the magnetic susceptibility. We note
that for small values of ξH, χ ∼ χ0 = Msξ/3 whereas for large values of ξH, χ ∼ Ms/H1.
At the interface z = S(x, t), the jump conditions from Eq. (1) are
∥Bi · n∥ = 0, ∥Hi · t∥ = 0, (4)
where n is the normal vector, t is the tangent vector, and ∥()∥ = (2)–(1) or (3)–(1).
Since the magnetic field is irrotational, from Eq. (1), we define a potential φ as
Hi = −∇φi. (5)
From this relationship, the potential satisfies the following equation:
∇2φi = ∇ ·Mi. (6)
At the interface and wall, S and −zw, the jump conditions are
∥µ0(−∇φi +Mi) · n∥ = 0, ∥ − ∇φi · t∥ = 0, (7)
and far away from the film, the magnetic field approaches a constant value, φ2z(z, x, t) = H∞ and
φ3z(z, x, t) = H∞ as z → ±∞.
The flow in the viscous fluid is governed by the Navier-Stokes equations written as
ρ
Du
Dt
= ∇ ·  T f + Tm + ρg, ∇ · u = 0, (8)
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neglecting viscous stresses from the outer gas and assuming incompressibility. The fluid and
Maxwell stress tensors appearing in Eq. (8) are given by
T f = −pI + 1
2
µi
 (∇u) + (∇u)T , (9)
Tmi =
(
BiHi − µ02 |Hi |
2I
)
, (10)
where p = phyd +
 H
0 µ0(∂vM/∂v)H,TdH is the effective pressure, which is a combination of hydro-
static and magnetic pressures.8 Here, g = (g sin θ,−g cos θ) and v is the specific volume. As dis-
cussed in Rosensweig,1 the magnetic particles in a ferrofluid can rotate inducing an internal source
of angular momentum. The additional body torque density, µ0M ×H, causes the stress tensor to be
asymmetric if the Brownian rotational diffusion time scale is greater than the characteristic flow
time. The Brownian rotational time scale depends on the type of ferrofluid, such as magnetic
particle size, and is usually assumed to be small relative to the characteristic flow time in ferrohy-
drodynamic problems; an assumption we also make here.
At the interfaces between regions 1 and 2, we have continuity of velocity conditions,
||ui(S(x, t), x, t)|| = 0, (11)
along with the continuity of tangential and normal stresses (the latter bringing in the effects of
surface tension), which take the formn · T f · t = 0, (12)n · T f · n = −n · Tm · n + γK , (13)
whereK is the curvature of the interface.
The magnetic force is found by taking the divergence of Eq. (10) as follows:
∇ · (Tmi ) = −∇(µ0H21/2) + B · ∇H = µ0M1 · ∇H1, (14)
where we have used the vector identity H × (∇ ×H) = ∇H2/2 −H · ∇H. Because M is parallel to a
function of H, we can write M = HM/H and use the above vector identity to obtain
∇ · (Tmi ) = µ0M1 · ∇H1 = µ0M1∇H1. (15)
This form has been used previously8,25 and follows from the fact that the magnetic field is
irrotational.
Since we are interested in isothermal systems, the magnetization is only a function of the
magnetic field, ∇M = (∂M/∂H)∇H , and we can define a potential as follows:
M1∇H1 = ∇Ω, Ω =
 H
0
M(y) dy. (16)
Performing the integration, using Eq. (3), the potential can be expressed as
Ω = −Ms
ξ
ln
(
Hξ
sinh(Hξ)
)
. (17)
The normal component of Maxwell’s stress in Eq. (13) can be expressed, for the upper inter-
face, as
||n · Tm · n|| =
(
n · B1(H2 −H1) + µ2 (H
2
1 − H22)n
)
· n (18)
since ||n · B|| = 0 at the interface. This can be simplified further by inserting the relationship, H
= (H · n)n + (H · t)t, into the above expression, noting that ||H · t|| = 0 and M2 =M3 = 0 to obtain
||n · Tm · n|| = µ
2
(M · n)2. (19)
This relation applies in the case where the magnetic fluid is in contact with a non-magnetic fluid
and has been used previously.8 The tangential component of Maxwell’s stress is zero because the
tangential component of H and the normal component of B are continuous at the interface.
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Finally, we impose a kinematic condition at the interface,
w = St + uSx (20)
while the boundary condition at the solid wall is u1(−zw, x, t) = 0.
B. Non-dimensionalization
The governing equations are scaled with the system parameters as follows (where the check
decoration designates dimensionless quantities):
(z,S) = R0(zˇ, Sˇ), x = Lxˇ, w = Vδwˇ, (21)
u = Vuˇ, t =
L
V
tˇ, p =
µVL
R20
pˇ, (22)
Hi = HRHˇi, φi = HRR0φˇi, Mi = HRMˇi, (23)
where R0 = zw is the initial height of fluid (1), L is a length scale, δ = R0/L is a small parameter, V
is a scale for the velocity to be defined later, and HR = H0 is the magnetic field far from the interface
as defined in Fig. 1. From here on, we drop the check decoration for dimensionless quantities.
The dimensionless magnetization is
M1 = β
(
coth(ξ ′H1) − 1
ξ ′H1
)
H1
H1
= βF(H1)H1, (24)
where β = Ms/HR, ξ ′ = ξHR, Hi = (φ2iz + δ2φ2i x)1/2, Mi = βF(φ2iz + δ2φ2i x)1/2, and H = −(δφx, φz).
In the film and surrounding gas, Equation (6) for the magnetic potential in dimensionless form is
∂
∂z
(
(1 + βF)∂φ1
∂z
)
+ δ2
∂
∂x
(
(1 + βF)∂φ1
∂x
)
= 0, (25)
∂2φ2
∂z2
+ δ2
∂2φ2
∂x2
= 0, (26)
∂2φ3
∂z2
+ δ2
∂2φ3
∂x2
= 0. (27)
At the interface, S, the normal and tangential jump conditions from Equation (7) in dimension-
less form are
(1 + βF)  φ1z − δ2Sxφ1x =  φ2z − δ2Sxφ2x , (28)
Sxφ1z + φ1x = Sxφ2z + φ2x. (29)
At the wall, z = −1, the normal and tangential jump conditions from Equation (7) for a flat surface
in dimensionless form are
(1 + βF)φ1z = φ3z, (30)
φ1 = φ3. (31)
Far from the film, the magnetic field is Hi = H∞ for z → ±∞ (for i = 2 and 3).
In dimensionless form, the momentum and continuity equations in each layer are given by
Re δ
(
∂u
∂t
+ w
∂u
∂z
+ u
∂u
∂x
)
= −∂p
∂x
+ δQH
∂Ω
∂x
+ ∇2u + G, (32)
Re δ3
(
∂w
∂t
+ w
∂w
∂z
+ u
∂w
∂x
)
= −∂p
∂z
+ δQH
∂Ω
∂z
+ δ2∇2w − δG cot(θ), (33)
∂w
∂z
+
∂u
∂x
= 0, (34)
where ∇2 is expressed by
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∇2 = ∂
2
∂z2
+ δ2
∂2
∂x2
. (35)
Here, the dimensionless groups appearing in the momentum equation are defined as
Re =
ρVR0
µ
, QH =
µ0H2RR0
µV
, G =
ρgR20 sin θ
µV
(36)
and represent the Reynolds number, magnetic capillary number, for magnetic to capillary pressure,
and a gravitational parameter, respectively. In addition, the Maxwell’s pressure term in dimension-
less form is
Ω = − β
ξ ′
ln
(
Hξ ′
sinh(Hξ ′)
)
. (37)
At the interface, the normal and tangential stress balances are
p − 2
1 + δ2S2x
 
δ2wz − δ2Sx(uz + δwx) + δ4S2xux

=
− δQH
2
(H2 · n −H1 · n)2 − δ3Ca−1 Sxx(1 + δ2S2x)2
δ2 wzSx +
1
2
(1 − δ2S2x)(uz + δ2wx) − δ2Sxux = 0
, (38)
where Ca = µV/γ is the capillary number. From here on, we will set the velocity scale to V = δ3γ/µ
so that the capillary force is of order one.
Finally, the dimensionless kinematic condition is
St + uSx = w. (39)
C. Reduced model
The properties of a ferrofluid depend on the base fluid and the type and concentration of
magnetic particles suspended within it. Typical values for magnetite are Ms ≈ 1.5 × 104 A/m, ξ
≈ 2 × 10−4 to 5 × 10−4 m/A, χ0 ∼ 1 (generally χ0 ranges from 1 to 5 for most fluids), and HR ∼ Ms
(see Gollwitzer et al.9). The order of magnitude for the dimensionless groups are then β = O(1) and
ξ ′ = O(1) −O(10).
Motivated by the above estimates, we seek a solution to the magnetic potential for a large effec-
tive magnetic permeability of the ferrofluid. In this way, the film, from the outer field, looks like a
line (or sheet in three dimensions) of magnetic material. In the surrounding air, the region (2 and 3)
is not slender so we re-scale as z = z˜δ−1 (see Tseluiko and papageorgiou19 for a similar approach for
a voltage potential). In addition, we take ξ ′ = ξ¯/δ, F = F¯δ−1 and H∞ = 1 + δH1(x). Therefore, the
magnetization term can be expanded as (1 + βF) = δ−1(δ + βF¯) and Equations (25)–(27) for the
magnetic potential in the ferrofluid film and air become
∂
∂z
(
(δ + βF¯)∂φ1
∂z
)
+ δ2
∂
∂x
(
(δ + βF¯)∂φ1
∂x
)
= 0,
−1 ≤ z ≤ S, (40)
∂2φ2
∂ z˜2
+
∂2φ2
∂x2
= 0, z˜ ≥ δS, (41)
∂2φ3
∂ z˜2
+
∂2φ3
∂x2
= 0, z˜ ≤ −δ (42)
for each of the three regions. The far field boundary conditions are now
φ2z˜ = H∞/δ, φ3z˜ = H∞/δ, z˜ → ±∞, (43)
the interfacial conditions corresponding to (28) and (29) are expressed as
(δ + βF¯)  φ1z − δ2Sxφ1x |S = δ2 (φ2z˜ − δSxφ2x) |δS,
(Sxφ1z + φ1x)|S = (δSxφ2z˜ + φ2x)|δS, (44)
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and the substrate conditions corresponding to (30) and (31) are now re-written as
(δ + βF¯)φ1z |−1 = δ2φ3z˜ |−δ, φ1|−1 = φ3|−δ, (45)
where the solid wall is at z = −1.
We now expand the potential in a perturbation series of the form φi = φi0 + δ2φi1 + · · · (for
i = 1,2, and 3) and collect terms. From Eq. (40), the potential to leading order is βF¯φ10z = c(x)
in the film, where c(x) = 0 from the boundary conditions. Integrating again, the potential is only a
function of x, φ10 = φ10(x), and is determined from the next order of the expansion. Also to leading
order φ10|S = φ20|δS from Equation (44), |H1| = δ|φ10x | and
F¯ =
(
coth(ξ¯ |φ10x |) − 1
ξ¯ |φ10x |
)
1
|φ10x | , (46)
which is only a function of x.
To order O(δ2), the potential in the film to the next order is determined from the following set of
equations:
φ11zz = − 1
F¯
∂F¯φ10x
∂x
, (47)
βF¯ (φ11z − Sxφ10x) |S = (φ20z˜) |δS, (48)
βF¯φ11z |−1 = φ30z˜ |−δ. (49)
Integrating Eq. (47) once with respect to z, inserting into the above boundary conditions, and
subtracting, we get
φ20z˜ |δS − φ30z˜ |−δ = −βF¯
(
1
F¯
∂F¯φ10x
∂x
(1 + S) + Sxφ10x
)
, (50)
which is a condition to be solved for the horizontal gradient of the potential. In the limit of a flat
interface, this equation reduces to the magnetic field being equal on both sides of the interface as
expected.
The potential in the outer gas is more easily determined by subtracting off the outer magnetic
field by defining φ20z˜ = Φ20z˜ + H∞/δ and φ30z˜ = Φ30z˜ + H∞/δ. The equations for the new variable
are
∂2Φ20
∂ z˜2
+
∂2Φ20
∂x2
= 0, z˜ ≥ δS, (51)
∂2Φ30
∂ z˜2
+
∂2Φ30
∂x2
= 0, z˜ ≤ −δ, (52)
with the following far field and interfacial conditions:
Φ2z˜ = 0, Φ3z˜ = 0, z˜ → ±∞, (53)
φ10|S = Φ20|δS + H∞S, φ10|−1 = Φ30|−δ − H∞. (54)
We solve Laplace’s equation in the outer gas by using the Fourier transform defined as
φˆ =
 ∞
−∞
Φeik x dx, Φ =
1
2π
 ∞
−∞
φˆ e−ik x dk (55)
so that Laplace’s equation in Fourier space is
∂2φˆ2
∂ z˜2
− k2φˆ2 = 0, ∂
2φˆ3
∂ z˜2
− k2φˆ3 = 0. (56)
Using the boundary conditions far from the film, Φ2z˜ = Φ3z˜ = 0 as z˜ → ±∞, the potential in
spectral space is
φˆ2 = A1e−k z˜, φˆ3 = A2ek(z˜+δ), (57)
where A1 and A2 are constants of integration that are determined by using the interface and wall
conditions. Using the conditions given by Eqs. (54), the potential in the gas is
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φˆ2 =
(
φˆ10 −ESH∞) e−k z˜, φˆ3 =  φˆ10 + Hˆ∞ ek(z˜+δ), (58)
where the derivatives of these evaluated at δS = 0 and −δ = 0 are
∂φˆ2
∂ z˜
= −k
(
φˆ10 −ESH∞) , ∂φˆ3
∂ z˜
= k
 
φˆ10 + Hˆ∞

. (59)
Assuming that H∞ = 1 + δH1, the potential in the film is then found by solving the following
equation:
1
2π
 ∞
−∞
k
 −2φˆ10 + Sˆ − δ¯(k) e−ik x dk =
−βF¯
(
1
F¯
∂F¯φ10x
∂x
(1 + S) + Sxφ10x
)
, (60)
where δ¯ is the delta function. The magnetization comes from the next order term in the expansion
and is |M1| = H∞ (with magnetic field |H1| = H∞/βF).
For the fluid dynamics part of the model, we take Re = O(1) and expand by powers of δ (e.g.,
P = P0 + δP1 + · · · ). The continuity and momentum equations to leading order are
pz = δQHΩz − δG cot(θ), (61)
px = δQHΩx + uzz + G, (62)
ux + wz = 0. (63)
At the interface z = S(x), the normal and tangential jump conditions to leading order are
p = −δQH
2
(H2 · n −H1 · n)2 − Sxx, (64)
uz = 0. (65)
Introducing a coordinate shift by defining η = z + 1 and h = S + 1, so that the wall is at η = 0,
integrating the momentum equations, and using the interfacial and boundary conditions at η = 0
yields the pressure and velocity in the film,
p = δQHΩ − δG cot(θ)η + K(x), (66)
u = (Kx − G)
(
1
2
η2 − hη
)
. (67)
From continuity and the kinematic condition, the interface evolves according to
ht +
∂
∂x
 h
0
udη = 0 → ht − 13
∂
∂x

h3(Kx − G) = 0, (68)
or, shifting back to S, we have
St − 13
∂
∂x
(S + 1)3(Kx − G) = 0, (69)
where the function K(x) is given by
K(x) = −δQHΩ|S − δQH2 (H2 · n|S −H1 · n|S)
2
− Sxx + δG cot(θ)S. (70)
The first and second terms in Eq. (70) are to leading order,
Ω = −δ β
ξ¯
ln
( |φ10x |ξ¯
sinh(|φ10x |ξ¯)
)
+O(δ2), (71)
(H2 · n|S −H1 · n|S)2 = 1 + 2δ(Φ20z˜ + H1(x)) +O(δ2), (72)
where for weak spatial variations in the outer magnetic field, we used the expression H∞ = 1
+ δH1(x). Equation (70) now becomes
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K(x) = Q¯H
(
β
ξ¯
ln
( |φ10x |ξ¯
sinh(|φ10x |ξ¯)
)
− 1
2
δ−1
)
− Q¯H ((H1(x) + Φ20z˜)) − Sxx + δG cot(θ)S, (73)
where Q¯H = δ2QH . Since we only require the derivative of the above expression, Kx, the con-
stant 12 δ
−1 is irrelevant; hence, we are left with an expression for K(x) wherein δ does not appear
explicitly.
For convenience, we collect the final set of equations for the evolution of the interface and
magnetic potential and display them below,
St =
1
3
∂
∂x
(S + 1)3(Kx − G) , (74)
Kx(x) = Q¯H

β
ξ¯
ln
( |φ10x |ξ¯
sinh(|φ10x |ξ¯)
)
− (H1(x) + Φ20z˜)

x
− Sxxx + δG cot(θ)Sx, (75)
∂Φ20
∂ z˜
=
1
2π
 ∞
−∞
−k  φˆ10 − Sˆ e−ik x dk, (76)
1
2π
 ∞
−∞
k
 −2φˆ10 + Sˆ − δ¯(k) e−ik x dk
= −βF¯
(
1
F¯
∂F¯φ10x
∂x
(1 + S) + Sxφ10x
)
. (77)
Here, hats denote Fourier transform of that variable. As formulated, variations in the outer magnetic
field only appear in the interfacial normal Maxwell stress.
In the limit of a very large magnetic permeability, there is an analogue with electrohydrody-
namics where the film is a perfect conductor.8 In that limit, the film becomes a surface of constant
magnetic potential and the equations reduce to
St =
1
3
∂
∂x
(S + 1)3(Kx − G) , (78)
Kx(x) = −Q¯H [(H1(x) + Φ20z˜)]x − Sxxx + δG cot(θ)Sx, (79)
∂Φ20
∂ z˜
=
1
2π
 ∞
−∞
−k  φˆ10 − Sˆ e−ik x dk . (80)
The last equation can be recast as
Φ20z˜(x,0) = H (Sx) , (81)
whereH is the Hilbert transform defined as
H (g(x)) = 1
π
PV
 ∞
−∞
g(x ′)
x − x ′dx
′ (82)
and PV denotes the principal value of the integral. This equation is similar to the models for a
perfectly conducting fluid film in a normal electric field.19,20,26 The main difference in our model is
the presence of a non-linear relationship for the magnetization that has been retained by keeping the
next term in the asymptotic expansion.
III. RESULTS
The final set of equations for the surface evolution of a thin ferrofluid film are given by (74)–(77)
and appropriate boundary conditions. The model is parameterized by the following dimensionless
groups: the saturation magnetization relative to the outer magnetic field β, the magnetic capillary
number Q¯H , scaled initial susceptibility ξ¯, and gravitational numbers G and G¯ = δG cot(θ).
Next, we investigate the linear characteristics of the model which will aid in the characteriza-
tion of the problem and serve as a check on the numerical solution. Following the linear theory, we
investigate the non-linear characteristics using numerical methods.
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A. Linear theory
The linear theory is developed by linearizing the governing equations about the basic state,
S = 0 and φ = φb, and introducing normal modes of the form,
S = 0 + S′, φi = φb + φ′i, (83)
S′ = S¯ eωt+ik x, φ′i = φ¯i e
ik x. (84)
For a single mode, Eq. (77) reduces to
k (−2φb + S′ − 1) = −βF¯ *, 1F¯
∂F¯φ′1x
∂x
(1 + S′) + Sxφ′1x+- (85)
and the basic state corresponding to S = 0 is φb = −1/2, that is, the average value for a film with no
magnetization. Inserting the normal mode expansion into Eq. (85), the perturbation potential is
φ′1 =
1
2 + k βξ¯/3
S′, (86)
with the magnetic potential linearly related to the interface height. The Maxwell pressure only
comes in at higher order so the magnetic effect enters though the normal component of the Maxwell
stress at the interface and Eq. (75) reduces to
Kx = −Q¯Hk(S′x − φ′x) − S′xxx + G¯S′x. (87)
The dispersion relation from Eq. (74) is
3ω = Q¯Hk3
(
1 − 1
2 + βξ¯k/3
)
−  k4 + G¯k2 − 3Gik . (88)
Since the first term is positive, the magnetic field is destabilizing as found by Cowley and Rosensweig
and Yecko8,27 whereas capillary forces always stabilize the film for sufficiently large k. Dispersion
relation (88) is similar to the electrohydrodynamic case,20 where the electric field, for a perfectly
conducting viscous film, was also found to be destabilizing.
The equation for neutral stability is
Q¯H
1 + r
= k + G¯/k + 3Gi/k2, (89)
where 1/r = 1 + βξ¯k/3 and is essentially the permeability of the film relative to the outer gas. For
G = 0, this equation is equivalent to the normal field instability derived in Cowley and Rosensweig.8
B. Numerical results
We solve the equations numerically on a periodic domain using a pseudo-spectral method for
space and Gear’s method for time. We use periodic boundary conditions and the initial conditions
are given from Eq. (84) with S(x, t = 0) = 1 × 10−2 and k corresponding to either a fixed value
or the most dangerous mode. Typically 256 to 512 nodes are used in the simulations without any
noticeable difference in the solutions upon doubling the number of nodes. We have checked that
mass is conserved in the numerical solutions and that the results are consistent with linear theory
during the initial stages of the film evolution. Versions of the code have also been used previously
(see Conroy et al.17,18) for the evolution of electrified films and viscous threads. We first investigate
the numerical solution for perturbations of the film at a zero degree incline to compare the results
with previous work. Next, we look at the effect of horizontal variations in the outer magnetic field
and finally look at solutions to the falling drop problem.
In Figure 2, we show the growth rate from linear theory as a function of wavenumber and Q¯H .
As shown in this figure, the growth rate is somewhat sensitive to changes in Q¯H , since the magnetic
pressure term scales as k3, with the maximum more than doubling for incremental changes in
this parameter. We also show a comparison between linear theory and the numerical solution. As
expected, the numerical solution and analytical solutions agree well at early times; for later times,
the agreement deteriorates due to an increase in strength of the non-linear terms.
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FIG. 2. Dispersion relation as a function of Q¯H (left) and a comparison of the interface height for the numerical solution
and linear theory (right). Here, G¯ = 0, β = 1, and ξ¯ = 0.5.
In Figure 3, the steady-state interface height and horizontal magnetic field are shown as a
function of ξ¯, which represents the scaled initial susceptibility to the saturation magnetization of
a ferrofluid. For small values of ξ¯, there is a linear relationship between the magnetization and
magnetic field, whereas if ξ¯ is of order one or higher the magnetization is given by the non-linear
Langevin function and the film will have a large permeability. Since ξ¯ has been scaled by the
outer magnetic field (and the magnetization to first order), this parameter increases with the outer
magnetic field. As shown in Figure 3, the interface height of the peak increases with ξ¯, which has
been found experimentally by Gollwitzer et al.9 and the film makes contact with the solid wall,
z = −1, in infinite time. The horizontal magnetic field is shown in the lower panel; the profile is
similar to the horizontal gradient of the interface height for small ξ¯, but for larger values of ξ¯, the
structure is different owing to the non-linear relationship with interface position.
FIG. 3. Interface height and horizontal magnetic field at steady state as a function of ξ¯. The smaller figure in the upper right
panel is a magnified view of the interface height near the substrate. The other parameters are G¯ = 0, β = 1, Q¯H = 2.5, and
k = 1.
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FIG. 4. Interface height and horizontal magnetic field at steady state as a function of x for a linear (expanded in a Taylor
series about |φ10x | = 0) and non-linear magnetic susceptibility. The parameters are G¯ = 0, β = 0.5, Q¯H = 4, k = 1, and ξ¯ = 10.
FIG. 5. Interface height and horizontal magnetic field at steady state for Q¯H = 2 (dotted line), 3 (dashed line), 5 (dash-dot
line), and 6 (solid line). The smaller figure in the upper right panel is a magnified view of the interface height near the
substrate. The other parameters are G¯ = 0, β = 1, ξ¯ = 0.5, and k = 1.
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FIG. 6. Interface height and horizontal magnetic field at steady state as a function of β. The smaller figure in the upper right
panel is a magnified view of the interface height near the substrate. The other parameters are Q¯H = 3, G¯ = 0, ξ¯ = 1.0, and
k = 1.
The effect of a non-linear magnetic susceptibility is demonstrated in Figure 4, which compares
the surface height and horizontal magnetic field for the non-linear magnetization of Equation (46)
and the linearized version about φ10x = 0. Since the magnetization is larger for the linearized
form for large ξφ10x, the amplitude of the central peak and the secondary peak (z ≈ ±1.5) are
significantly larger than for the non-linear version. The satellite structure is almost suppressed in
the non-linear version whereas in the linear version the satellite structure has a large amplitude.
In addition, the pinching point at x ≈ 2.5 has a very large curvature and a horizontal magnetic
field that is almost five times larger than the maximum magnetic field for the case of a non-linear
magnetization.
The effect of Q¯H , which represents the relative strength of the Maxwell pressure to capillary
pressure, can be seen in Figure 5. For smaller values of Q¯H , the amplitude jumps to a relatively
large value when the marginal stability boundary is reached and the peak increases with Q¯H . At
larger values, the amplitude decreases and multiple peaks form. Similar observations were made
FIG. 7. Interface height for spatial variations in the outer magnetic film. The parameters are Q¯H = 4, G¯ = 0, β = 1.0, ξ¯ = 1.0,
k = 1, a = 0.5, and A= 0 (solid line), 2 (dashed line), and −2 (dotted line).
092102-14 D. T. Conroy and O. K. Matar Phys. Fluids 27, 092102 (2015)
FIG. 8. Steady state surface profiles and the time evolution of the minimum interface height. Here, β = 1.0, ξ¯ = 1.0, k = 1,
G¯ = 0, Q¯H = 0.5, a = 0.5, and A=−1 (dashed line) −2 (dotted line), and −3 (solid line).
experimentally8,9 with some differences, notably a non-monotonic behavior for the amplitude that is
likely due to boundary effects that are not present in our numerical solutions.
Steady state solutions as a function of β are shown in Figure 6. The parameter β is the satu-
ration magnetization since the magnetization approaches this value in the limit of a large ξ¯φ and
represents the strength of the magnetization of the film. For small values, the potential is linearly
related to the interface height, whereas for larger values, the potential has a non-linear relationship
with the surface height. For the parameters chosen, the interface height of the peak near x = 0
decreases with β, representing a decrease in the outer magnetic field, whereas the peaks at the ends
increase with β. In addition, for small values of β, the horizontal magnetic field looks similar to the
horizontal gradient of the surface height. For larger values of β, the profile for the magnetic field
deviates from the linear solutions; here, the magnetic field looks linear at the peaks.
Previously, we had looked at cases where the outer magnetic field is constant, now we investi-
gate the effect of allowing spatial variations by setting H1(x) = A exp(−x2/a). We chose a Gaussian
function because it decays at the boundaries, which is required for our numerical method, and it
allows for variations in H1 to be concentrated near the central peak. In Figure 7, we show the
interface height for A = ±2 at long times. For positive A, the outer magnetic field increase near
the center, x = 0, and the additional magnetic stress causes the fluid to flow into the central peak,
increasing its amplitude. Alternatively, a negative value of A creates a magnetic stress that squeezes
fluid out of the center causing the interface here to make contact with the solid boundary. When the
magnetic and capillary forces come into balance, we observe steady state solutions where a wavy
surface structure forms as shown in Figure 8. The amplitude of the surface structure increases as H1
increases since the magnetic stress tends to drive the interface towards the wall.
We now turn our attention to drops falling down an inclined plane. Initially, we assume the
solid surface is coated by a thin layer of ferrofluid with a Gaussian shaped bump paced at one end
of the computational domain. Some results are displayed in Figure 9, showing the surface shape
FIG. 9. Interface height for a failing drop at t = 500 for variations in Q¯H . The parameters are G¯ =G = 2, β = 2.0, and
ξ¯ = 2.0.
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at a particular time for different values of Q¯H . In the absence of magnetic stresses, the drop falls
down the surface with the front forming a capillary ridge. When the magnetic field is turned on the
horizontal magnetic field ahead of the drop is small, whereas in the drop the horizontal magnetic
field is relatively large. The jump in φ10x results in an increased pressure in the head that causes
the drop velocity to increase and the capillary ridge to grow in height and steepen. It is possible
that these ridges are vulnerable to spanwise perturbations which may grow giving rise to finger
formation; this will be the subject of future work.
IV. CONCLUSIONS
In this paper, we have investigated the nonlinear dynamics of a ferrofluid film on an inclined
substrate using the long-wave analysis. The ferrofluid is assumed to be non-conducting, allowing
the electric field to be decoupled from the magnetic field, and surrounded by a magnetic field ori-
ented normal to the substrate. The magnetic field is governed by the steady Maxwell’s equations and
a force is induced in the film that is modeled using the Maxwell stress tensor. The magnetization
of the ferrofluid was assumed to be non-linearly related to the magnetic field through the Langevin
function. We investigated the problem in the limit of a relatively large magnetic permeability and
derived an equation for the horizontal magnetic field in the film. This equation is then coupled to the
thin film equations and the full set describes the evolution of a ferrofluid film in a magnetic field.
A linear stability analysis of the reduced equations was performed and the magnetic field was
found to be destabilizing. The non-linear equations were also solved numerically for a flat substrate
and a falling drop. For the flat substrate, it was shown that the magnetic field caused lobed features
to form that increased in size and number with an increasing magnetic field strength. In addition, it
was found that the film drained in infinite time when the outer magnetic field was spatially uniform,
whereas when the applied magnetic field had a Gaussian profile, steady-state interfacial shapes
formed. Finally, we investigated the effect of a Maxwell’s pressure on the evolution of a falling drop
and found that the magnetic field caused the velocity of the drop to increase and the height and
steepness of the capillary ridge to increase.
Future work will examine the stability to spanwise perturbations of thin film and drop flows
down an incline in the presence of magnetic fields. Given the results shown Fig. 9, it is possible that
the magnetic field, which promotes thickening of the ridge located at the drop leading edge, will
drive instability of this ridge leading to the development of fingers. Furthermore, this study, which is
based on the use of long-wave theory, will be extended to account for inertial effects.
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